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Fast and Stable Numerical Method
for Boundary-Layer Flow
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HE structure of a laminar boundary layer with massive
blowing is greatly complicated in view of the viscid-
inviscid interactions. These interactions result in larger deflec-
tion of incident flow and also a significant alteration in the
major flow variables including pressure distribution. To date
various analytical models' have been developed for the
prediction of the flowfield. More recently, numerical studies
based on the laminar boundary-layer approximation have
been developed for the prediction of a boundary-layer flow
structure with a prescribed pressure gradient. Methods
adopted in the numerical investigation include backward
shooting, Libby,? Nachtsheim and Green,? Liu and Nacht-
scheim,* and matrix method Garrett, Smith, and Perkins.>
Although it has been shown by Liu and Nachtsheim?® that

the backward shooting technique is stable, its computing time-

is long and increases as injection rates increase. Therefore,
from an economic point of view, it is highly desirable to
devise another stable and yet fast numerical scheme. With this
motivation, the authors tried the matrix method resulting
from various finite differencing. However, for differential
equations with large parasitic eigenvalues such as massive
blowing problem, most differencing schemes result in a
matrix with large condition number and therefore is unstable.
It is the purpose of the present study to propose a fast, stable,
and easy to code matrix method of which the number of nodes
and rate of convergence (and therefore the computing time)
~ are independent of injection rate.

I. Method Description

When differential equations are well behaved, it is common
practice to usc central difference schemc with cqual spacing
because it is more accurate. However, when differential
equations are unstable as in the present case, it is necessary to
use noncentered or unequal spacing difference scheme. The
windward differencing, which has been successfully employed
by Ref. 5, is noncentered. As will be shown in Sec. II, the
unequal spacing difference scheme proposed in Sec. I result in
an irreducible matrix with direction graph strongly con-
nected. ¢

Consider the Cohen-Peshotko equations

ST +0.5(1+S~f2) =0 H
§"+fs'=0 2)

SOy =£., 17 (0)=0, S(0) =S, (3)
S (e0)=1, S(oo) =0 C)

This is the same set of equations considered in Refs. 3 and 4.
For negative f,,, the stream function fis negative near the wall
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and positive at the edge and there is a dividing streamline
where f(5y) =0. For (—f,,) > > 1, the location of the dividing
streamline increases with (—f,) and becomes very large. As
has been shown by Liu and Nachtscheim, ® the parasitic eigen-
values of the equations in the inner region, 5> 7,, is propor-
tional to (—f) and is, therefore, very unstable.

We introduce a new dependent variable u, and rewrite Egs.
(1-4) as follows

frmutl )
u” +fu —0.5(5-2u—u’)=0 6)

S"+fS" =0 %

SO =f,, u(0)=—1, S(0) =S, )]

v 220 —1y s 4 rs=0 ©)

where the asymptotic relations for large 5 have been used for
large but finite .7 Applying the quasilinearlization to Egs. (5-
7), we obtain

f—u=0 (10)

u” +®fu ~ (Ou+ Du+®u'f+0.58
= (0 fk) gy 0, 50K) 2 (11)
S” 4 B fS 4 (0 4 (0 §1= (0 fiK) 57 (12)

where the left superscripts denote functions evaluated at kth
iteration. The two-point boundary value problem of Egs. (10-
12) is now linear in the variables of (k+ /)th iteration. Many
schemes have been devised for solving linear boundary value
problem of Egs. (10-12) type. However, if the boundary con-
ditions are such that Eqs. (10-12) are ill-behaved, as in the
present case, most of the existing schemes fail. The procedure
we shall present is stable and very efficient.

We place an arbitrary set of nodes of 0 <y <7, and use the
notation

n,=0, nj+1:77j+hj! J=12,..,0, 0541 =N 13)

The difference approximations to Egs. (10-12) are ‘definéd,
for2<j<J, by

o fio v fito fin —u=1 (14)

Ve rMym s H YU Yy iy + O (o + ity + gt )
—(Mu;+ Duy+ P ulf;,+0.5S;

:(k>f/_(k)uj/_0.5(/<)u]2 (15

YieiSic 1S+ 1S+ O (S S g S0)

+ W Sif =0 f 08/ (16)
where
o = —h; o= hi—h;_,
= hi g by hi_hy
K
o= (ST a7
s hi(h+h;_;)
~ 2 =2
K hiyChi+hiy) T hj_h;
2
S (13)

hi(hi+h;_;)
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The boundary conditions, Eq. (8-9), simply become 130 i T " 7
fi=fwsuy==1,8=8, ‘ (19) 128 ——— - initial guess q
. ) q
(UJ+1—Uj)/hJ+((k)f]+1+2/(k)fj+1)uj=1=0 20) e} 7thiteration . |
126 No. of Nodes=23 d
([~ U (k}f.gu) Sy —Sy)/h+ (k)f./HS./H =0 fw =-30
. 1241 5,,=-0.75
After rearrangement, the linear system of Eqgs. (14-16, 19, 20) C
can be written in block-tridiagonal matrix form as 122 1
B Fig. 1 Velocity L
A, B 0 0 . .Y, D, profile. 120
Cc, A, B, 0 . .Y, D, 18 |
0 C_; A3 33 . . Y_; Djv 116
14 A ‘
100 T T T
21)
. 80| /// 1
C, A, B, Y, D, C eof /4 1
40} ]
. 0 Cpyy Ayis Yoo D,y 20r 1
. 00 2 4 6 8 1.0
I1. Stability Analysis f
The system of equations, Eq. (21), can be solved by a more
or less standard block-tridiagonal factorization procedure.® 130 T T T .
For low blowing, the vector-matrix Eq. (21) is block
diagonally dominant with respect to the matrix norm I |, 128} ———— jnitial guess —
However, as blowing increases, the condition number (10-11) o6 7th iteration
of the matrix increases and the factorization procedure is un- 126 L No. of Nodes=23 g
stable if equal spacing, i.e. if h;=h;,, for j=1,...,J is used. i -
To restore the block diagonal dominance, a proper choice of fw =-30
the stepsize h; is important. To prove this point, let us 1241 Sy=-0.7%
examine the norms of matrices C,, 4 j» Bj. C
\ 122 7
120 7
-2= i i lue of the matrix 4,47 23
A1 maximum eigenva A (23) Fig. 2 Enthaipy b |
profile.
1Bl =1y, +ay,  Ofit . @ 16} ]
Recalling that for massive blowing we have'?
14 —!
u' =0.5(1+8,)/ (1-f)=71<<1 (25) 100 —— T .
80+ h
u=rny (26) ¢ 6of 4
F=futm?/2 @) sl ]
o s . . ,

and S’ is negligible in the inner layer, and thus

ICA+IB =1y, 4o, O f 1+ ly, +ay Of1 (28

A1 = 1y, ' (29)

if small and constant stepsize is used. Therefore,
WG+ 1B 1>1A;1 30)
i.e. the block LU decomposition is numerically unstable. In-
deed, the numerical experiment performed with constant step-

size, h;=0.4, for f,,<—4 is not only divergent but also
oscillatory. However, if stepsize /;, is chosen such that

o; D f;> >, ' @1

-1.0 -8 -6 -.4 -2 0

i.e. unequal stepsize with very large stepsize near the wall and
decreasing toward the dividing streamline, then

LA, 5 o1
IcI+1B,I

=1 32)

oy 1+ lagjy

and is block diagonally dominant. Therefore, the block LU
decomposition is numerically stable and, in fact!?

IIL/-||<||A_,-||/IIB,1I, I|U/-|I<IIB,|I+IIAI-I1 (33)
We note that in the inner layer, the flow is almost inviseid for

massive blowing and there is no danger of losing accuracy by
choosing a big stepsize as recommended by Eq. (31).
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II1. Results and Discussion

To the authors’ knowledge, there exist at least two other ap-
proaches to solve boundary-layer equations resulting in block
tri-diagonal matrix. One is that by Keller and Cebeci, '*¢ and
the other is that by Libby and Wu.!”® Liu and Davy have
tried them both.!! Both approaches give accurate results for
low blowing. However, neither of them prove to be successful
for f,,< —4 even with very good initial guesses. In an un-
published note, the first author and M.J. Green of Ames
Research Center calculate the condition numbers resulting
from both matrices. We are able to prove that the condition
numbers increase with |f,, | and therefore the factorization
procedure is unstable.

The numerical method we have discussed in the previous
sections was coded in FORTRAN and calculations have beem
made for the case of very large blowing f,, = —30. The results
obtained from IBM 360-67 computer are shown in Figs. | and
2. The initial guesses are shown by the dashed lines. The inner
portion of the initial guess is that of Libby’s zeroth order in-
ner solution.!? The node points are chosen so that Eq. (31) is
satisfied. The convergence is reached in 7th iteration with an
error less than 1% for all the node points. Each iteration takes
about 2 sec. Several cases with different 8, f,., and S, have
been tried. They all converged in less than 10 iterations and
over all computing time is little and independent of blowing
parameter.

The same scheme has been tried on a non-similar turbulent
boundary layer with mass and heat transfer over a rough sur-
face with two-equation model for closure. No difficulty has
been encountered yet. We shall report the results elsewhere.
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Stresses and Displacements in
Rotating Anisotropic Disks
with Variable Densities
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HE problemn of rotating disks was first treated in the

early nineteenth century. Solutions of the isotropic disks,
including variable thickness, variable density, and other cases,
can be found in most of the standard elasticity textbooks.
Therefore, rotating disks were considered to be one of the
exhausted subjects in the field of solid mechanics. Recently,
new interest has been generated to reinvestigate this centuries-
old problem. This new interest is the result of the development
of composite materials and their applications.

Composite materials are characterized by high strength-to-
weight ratios, heterogeneity and anisotropic character-
istics. Because of the heterogeneity and anisotropic character-
istics, it makes the effort in predicting the material response
under multiaxial states of stress more difficult.! Recently, the
rotating disk technique has been proved to be a simple and
reliable means of generating a biaxial state of stress when the
loads cannot be directly applied to the material under in-
vestigation. In this case, an analytical solution of this problem
is needed to interpret the experimental results generated in the
laboratory. Recently, because of the steady increase in the use
of energy and the impact of that use on the environment, a
flywheel made of composite materials has been proved to be
an efficient means of storing energy.®? Likewise, analytical
solution of rotating disks made of composite materials is
essential in design and analysis.

Tang* and Murthy and Sherbourne® have treated the cases
of rotating polar orthotropic disks of uniform and
nonuniform thickness, respectively. Reddy and Srinath® fur-
ther investigated the effect of material density on the stresses
and displacements of a rotating polar orthotropic circular
disk. In recent investigations, closed-form solutions of
rotating circular and elliptical disks made of general or-
thotropic materials have been developed by the author.”-®

Density variation in the material is, however, inevitable,
and it has been shown that density variation has.significant ef-
fects on the stresses and displacements of a rotating polar or-
thotropic disk. It is the purpose of this note to present a
closed-form solution of a rotating orthotropic circular disk of
which a radial density variation is assumed. A semi-inverse
technique is employed, and the material is assumed to be
linear elastic. :

Analysis

For an orthotropic' cylinder, if the axial displacement
vanishes and the displacement components on any plane per-
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